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ABSTRACT

All terms of the frictionless, nonlinear, vorticity equation are examined. Traditional scale analysis provides
one of several justifications for using the quasigeostrophic (QG) system of equations to model extratropical
cyclones. Analysts of observations have long known that some of the other terms (non-QG) are individually
comparable to terms kept in quasigeostrophy. While the non-QG terms are not small, they are assumed to have
a large degree of cancellation and so are still neglected in sum. The distributions, magnitudes, and possible
cancellations of vorticity equation terms are examined. Analyzed data composites for 1S cases of mature, de-

veloping, extratropical cyclones are used.

These results lead us to conclude that several commonly neglected terms are neither especially small nor do
they cancel. The way each term contributes to the redistribution, advection, or amplification of vorticity is
discussed. In sum, cyclone growth is greater at all levels, especially at low levels, in the full set of terms compared

to the QG terms.

1. Introduction

The quasigeostrophic form of the equations has pro-
vided much theoretical insight into the dynamics of ex-
tratropical cyclones. Recently we have begun to study
these frontal systems using models that have fewer ap-
proximations than the quasigeostrophic (QG) system.
Models that have fewer approximations than the QG
system but more approximations than the primitive
equations { PE) are usually called *‘intermediate’” mod-
els (e.g., McWilliams and Gent 1980). An example of
an intermediate model is the ‘‘balance equations’
(BE) system derived by Charney (1962). Before de-
veloping our theoretical, intermediate models, we de-
cided to examine which terms had significant size in
the observed (analyzed) atmospheric data. The purpose
of the exercise was to provide us with a basis for in-
cluding or excluding terms present in the primitive
equations. We feel that our results are worth reporting
for these reasons. First, we are not aware of a study
that evaluates each term quantitatively using compos-
ites for numerous storms. Second, our results indicate
that the tilting term, vertical advection of vorticity ({),
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and the relative vorticity times divergence term (D)
are as large or larger than some QG terms at certain
levels and locations. Third, we also find that they do
not cancel to a high degree, contrary to statements by
several previous authors. As for our original purpose
in undertaking the study, we briefly comment on two
approximations to the divergence term that have been
employed in QG models.
The primitive equation vorticity equation is

§=~V,.V(— V-V — pu, — Buy
= fD ~ LD - wlp + k- (Vp x Vw) (1)
ILC=RA+DA+CR+CD+FD+ZD+ VA +TT,

where ( is relative vorticity, V is horizontal vector ve-
locity with r subscript for rotational component and d
subscript for divergent component, v is meridional
wind component, D is divergence, fis Coriolis param-
eter with meridional derivative f3, w is pressure veloc-
ity, and subscript P denotes pressure derivative.

In order to streamline the discussion that follows, we
refer to specific terms by means of the labels under each
term in (1). The QG system includes the following
terms: LC (local change), RA (rotational wind advec-
tion), CR (Coriolis advection by rotational wind), and
FD (Coriolis times divergence). The linear balance
equations (LBE) form includes all QG terms plus CD
(divergent wind advection of Coriolis). The balance
equations (BE) form includes all the terms in (1); that
is, the LBE terms plus DA (divergent wind advection),
ZD (relative vorticity times divergence), VA (vertical
advection), and TT (tilting term). In the figures that
follow, we evaluate TT using only the rotational wind
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component (adding the divergent winds made little

change).

The data we use are derived from data provided by
NMC to NCAR and stored at T42 resolution. ( *T42”
refers to *‘triangular’’ truncation of spherical harmon-
ics used to express each variable. The maximum wave-
number used is ‘‘42”’ in the zonal direction. Triangular
truncation gives uniform resolution in both dimensions
on a sphere.) All variables in the equations were cal-
culated and interpolated onto a T106 grid using the
NCAR CCM2 post processor (Buja 1994). The grid
points used with T106 resolution are slightly more than
-1° apart. Vertical interpolation was also performed onto
a 10-level grid with nearly uniform vertical resolution
in pressure. Derivatives in the vorticity equation terms
were calculated using second-order finite differences
on the high-resolution grid.

We selected 15 cases of storm development near the
east coast of Asia drawn from four recent winter peri-
ods. While additional storms occured during the period,
we selected these cases discussed here from a group of
28 that we had selected in a separate study of trough
axis evolution. The other study used several criteria
whose sole purpose was to identify those storms whose
trough evolution could be unambigously tracked for
five 12-h time periods. Satisfying those criteria was
very laborious and is discussed in Grotjahn (1996).
Our goal here was to select and isolate storms that have
very similar gross structure in order to improve the con-
sistency. of the compositing procedure. Therefore, a
subset of 15 cases was chosen having the greatest sim-
ilarity in trough axis tilt. These 15 cases represented
one-quarter to one-third of the total number of storms
that occurred during the four winters. Data for the in-
dividual storms are listed in Table 1, including date,
longitude and latitude of the surface cyclone center, and
central pressure at sea level. It should be clear that in
most cases the lows are strong, though in all cases the
storms continued to amplify during the next 12 h.

In preparing the figures displayed, we composited
the data from each case as follows. All terms were cal-
culated for each- case on the original (Gaussian) lati-
tude—longitude grid for each case. The gridpoint values
of the terms were shifted in the horizontal and averaged
in time. The gridded values were shifted in longitude
(and if needed, shifted a small amount in latitude) so
as to place the origin in each case at the center of the
low in 900-mb geopotential height.

The purpose of compositing the data is to find gen-
eral results. We are not interested in, for example, ex-
plosive cyclogenesis, per se. Our cases include rapidly
growing as well as slowly growing storms. The com-
positing process selects for those features that are com-
mon to the majority of storms while reducing the fea-
tures that differ from case to case. We find considerable
variation in the data fields from cases to case. Variation
appears as small scale, ‘‘noisy’’ variations in fields that
are magnified by taking derivatives and multiplications
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TaBLE 1. Cyclones used in this study.

1000-mb center

Central

Case Latitude  Longitude SLP
number Date (°N) (°E) (mb)
1 1200 UTC 11 December 1993 40 150 990
2 0000 UTC 12 January 1994 33 155 995
3 0000 UTC 15 January 1994 41 156 982
4 1200 UTC 29 January 1994 38 153 984
5 1200 UTC 9 February 1994 38 146 985
6 0000 UTC 7 January 1990 43 152 999
7 0000 UTC 17 February 1990 38 154 1006
8 0000 UTC 19 December 1990 38 153 987
9 0000 UTC 26 December 1990 40 135 997
10 1200 UTC 18 January 1991 41 154 993
11 0000 UTC 12 February 1991 43 157 990
12 1200 UTC 10 January 1992 41 167 979
13 1200 UTC 17 January 1992 42 138 1002
14 0000 UTC 1 February 1992 36 145 | 984
15 1200 UTC 24 February 1992 35 146 | 984

1

b

i

in some nonlinear vorticity equation (NLVE) terms.

The composited fields (especially for vertica'I;‘ motion )
are smooth. Variation also appears in the relative sizes
and cancellations between terms in the NLVEl Itis pos-

sible that the results for a particular case could create
a mlsleadmg impression about how 1mponafnt a term
actually is in the majority of other storms. Cofnposmn?

is intended to avoid this problem.

2. Composite evaluation of terms in the vorticity

equation ';

‘a. Mass and wind fields

The mass and wind fields for the comppsites are
shown in Fig. 1. The geopotential height shows a nearly
constant rate of tilt with height. (When plonted using
height as the vertical coordinate, not showpn, the se-
lected troughs are approximately straight lgnes) The
200-mb trough is about 10° longitude upstream from
the 900-mb trough. The lower-tropospheric enter lies
beneath the ‘‘inflection point’” of the 200- mb pattern.
A ridge lies ahead of the trough and has | very little
upstream tilt in the upper troposphere. One might spec-
ulate that the ridge’s lack of tilt is consistent with dia-
batic, latent heat release in cloud masses )'associatcd
with the warm front. Such an interpretation; is consis-
tent with the divergence field. At 500 mb the re is a hint
of horizontal tilt (southwest to northeast on, 'the south-
ern side of the trough). To the east and north, the ridge
axis (and to a lesser degree the trough axis) lnas anorth-
west to southeast tilt. The horizontal tilts gmply con-
vergence of northward momentum flux above the sur-
face low location; if so, one might speculalxte that the
barotropic energy conversion may be negative. The ro-
tational wind advection (RA) term includes the con-
tributors to barotropic conversion in a kinetic energy
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FiG. 1. (a) Geopotential height Z and (b) relative vorticity { at three levels: 200 (top), 500 (middle), and 900 mb (bottom). Values
are time averages of 15 cases of mature but still growing extratropical cyclones. The data for each case were shifted to place the 900-
mb Z minimum at the same grid point. The contour intervals are (a) 60 m and (b) 10~% s~'. The latitude and longitude ranges are
averages for the 15 cases and primarily indicate the horizontal scale of the features.
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equation. The tilt is more easily seen in the vorticity
field.

Figure 1b shows relative vorticity at three levels.
Since our study focuses on the nonlinear vorticity equa-
tion (NLVE), we shall use this figure to interpret
NLVE terms. Interested readers may find it useful to
prepare a transparency of Fig. 1 and to overlay it upon
succeeding figures. The relative vorticity includes con-
tributions from the trough (curvature) as well as the jet
stream (shear vorticity). At upper levels, the positive
shear vorticity on the north side of the jet (and negative
values to the south) is readily seen. One should not
emphasize how the relative vorticity maximum varies
with height because the upper trough is not located at
the same place in each case. While care was taken to
match cases with nearly the same amount of upstream
tilt, the difference between cases increases with height.
The vorticity of the ridge ahead of the trough is weak.

In the next section, we discuss the contributions by
each individual term in (1) to the total motion and
shape change of the vorticity pattern. We may do this
since the NLVE tendency LC is a linear sum of the
terms in (1). Of course, one must keep in mind that
the ultimate evolution of the pattern is the sum of all
the terms.

b. Advection terms

The first term we consider has the largest peak val-

ues; RA is shown in Fig. 2a. Not surprisingly, much of
this term reveals a translation of the vorticity field with
the large-scale rotational wind. This is readily seen at
200 mb in the form of a dipole pattern. As can be seen
from (1), the sign convention is that positive values of
" a NLVE term increase local vorticity, while negative
values decrease the vorticity locally. Hence, a dipole
having positive to the east and negative to the west
implies motion from west to east. Figure 2a makes ap-
parent that the motion has a slight northward compo-
nent as well. The areal extent and magnitude of positive
values ahead are both larger than the negative values
behind the trough; one might conclude that RA con-
tributes a net increase of relative vorticity at 200 mb
ahead of the low. (A net increase would suggest an
error in the calculation since this term cannot generate
vorticity of the total field. However, one could identify
barotropic conversion between eddy and mean flow
from this term.) But part of the positive values seen in
Fig. 2a ahead of the trough also include a separate di-
pole pattern for the weak ridge to the northeast. By
mentally subtracting the ridge’s dipole from the figure,
one finds a roughly equal sized dipole about the trough
with extrema located along an east—west line, implying
primarily advection toward the east. At 500 mb, the
shape of the low is being altered in an interesting way.
In addition to motion toward the east northeast, the vor-
ticity pattern is becoming more circular. At 900 mb the
trough has a proportionally larger northward compo-
.nent than at the other two levels shown.
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Peak values in Fig. 2a are 5 X 107 s72; individual
cases often have peak values twice this size. However,
some key features of the pattern in Fig. 2a are not un-
usual in the cases examined. In a dozen cases the pat-
tern consists of a pair of maxima: one southeast and
one northeast of the trough. In other cases, & simple
east—west dipole prevails.

The advection by the divergent wind, term DA, is
diagrammed in Fig. 2b. While DA varies in strength
from case to case, it is one-fifth to one-twentieth the
size of the RA term. Peak values in Fig. 1b are as much
as 107 s72; on individual dates peak values are typi-
cally twice this size. While DA is routinely smaller than
RA, DA is comparable to CR; in all but one case, peak
values of DA exceed peak values of CR.

To understand DA (as well as several othér terms)
one must describe the divergence field D. By mentally
removing f from Fig. 3a, one deduces the general pat-
tern of the D field in our data. Low-level conyvergence
is centered three to four tick marks due east of the 900-
mb vorticity maximum in Fig. 1b. While DA contrib-
utes to the eastward propagation of the 900-mp trough,
it is most evident that DA diminishes the intensity of
the trough at this level (by reducing the area-'averaged
€). At 500 mb, DA is generally weaker than at 'the other
levels since this level is closest to a level of] approxi-
mate nondivergence (though Fig. 3a illustrates that D
is not zero at this level). In the upper troposzl.phere, D
has divergence centered above the area of low-level
convergence as one expects. At 200 mb, the di%vergerice
is centered at (155, 42) in the figures, with cornvergence
centered 20° due west. These areas of convergence and
divergence create most of the composite [divergent
wind at 200 mb. In addition, there are larger-scale di-
vergent winds, primarily southeasterlies out of the
Tropics occurring to the south and west of the trough.
The larger-scale part of the divergent motion is consis-
tent with climatology (e.g., Grotjahn 1993, Fig. 6.22,
p. 278). The result of the two sources of divergent
winds is a large decrease of vorticity on the ;southwest
side of the trough plus northward motion ori the west
side of the vorticity maximum. To the sout heast and

'1mmed1ately east of the vortlclty max1mum  is de-

creasing. Farther northeast there is a slight | indication
of propagation to the northeast. The net efﬁ.,ct of DA
at 200 mb seems to be to weaken the trou gh on the
southern side and possibly to spread the vorticity over
a larger area on the northwest, north, andI northeast
sides.

Bosart and Lin (1984) present horlzontal plots of
several NLVE terms at three pressure levels'for an ex-
plosively growing (Presidents’ Day) storm. We may
compare their Fig. 9 with the summation 0I our Figs.
2a and 2b. Their results at 300 mb have a similar dipole
pattern with magnitude that is roughly sever times our
values (not shown, but similar to 200-mb pattern-
shown). Their pattern at 900 mb has DA + RA (+ CR
+ CD) < 0 all around the low, with max1mum value
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the same in Figs. 2—4. Terms (a) RA and (b) DA shifted in the horizontal in the same manner as used to construct Fig. 1 and then
averaged over 15 cases. .
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F1G. 3. Same as Fig. 2 except for (a) FD and (b) ZD terms.

roughly five times our results. (At this low level DA  book includes a discussion of groups of NLVE terms
> RA in terms of peak values. Also, CR and CD are estimated magnitudes for a particular cyclone over the
small compared to DA and RA.) Carlson’s (1991) text- eastern United States. Carlson has two estimates of
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peak values for the horizontal advection of absolute
vorticity by the fotal wind: 3 and 5 X 107°s72. His
values are consistent with our estimate given that about
90% of the total horizontal advection is due to RA.

c. Coriolis terms

The variation of the Coriolis parameter contributes
two terms in (1); namely CR and CD. These terms are
small and have a very simple structure, so we shall
describe, but not plot, CR and CD. Term CR has a
dipole pattern reflecting the northward wind compo-
nent east of the trough (negative CR) and the opposite
west of the trough. As one expects, CR thus contributes
to westward trough motion. Term CR has small vari-
ation with height, with a tendency for the negative re-
gion to have larger amplitude than the positive region.
In about one-half of the cases, peak negative values are
twice the peak positive values. Amplitudes are 3
X 1071°-4 X 10719572, less than one-tenth RA.

Because the large-scale flow has a meridional com-
ponent that increases with height, the zero contour of
CR lies west of the { maxima at 500 and 200 mb. This
places the maximum values of { where CR < 0, im-
plying some decrease to the peak { values. One should
not expect the advection of planetary vorticity to cause
any net change in kinetic energy from basic principles.
Hence, the asymmetry of CR may be distorting the vor-
ticity maximum into a more circular pattern and dimin-
ishing the central values, but one should not interpret
such changes as weakening the extratropical cyclone.
Term CD is routinely about one-tenth the size of CR,
making CD by far the smallest of the terms considered
here.

d. Divergence terms

The term FD is the term through which the QG sys-
tem introduces baroclinic energy conversion. It is use-
ful to consider the classic baroclinic instability descrip-
tion in addition to the distribution of D when examining
this term. A classic result of QG theory is the baroclin-
ically unstable normal mode as derived by Eady
(1949), for example. The normal mode maintains a
fixed structure (in particular, upstream tilt) in an en-
vironment with vertical shear. In a model like Eady’s,
this is accomplished by setting up a divergence field
that reinforces the horizontal advection (term RA) be-
fow the steering level and opposes RA above the steer-
ing level. We can see that behavior in our results to the
extent that FD has a dipole pattern that reverses with
height. As for divergence, the Coriolis parameter has a
simple enough variation across the domain that one can
easily deduce the D fields from Fig. 3a. At 900 mb, the
positive values ahead of the trough exceed the negative
behind and the { maximum lies in a region of FD > 0.
Therefore, FD increases the relative vorticity while
propagating it toward the east and north.
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At 500 mb, the dipole pattern may give an erroneous
impression of transport toward the southwest. Com-
parison with Fig. 1b indicates that the relative vorticity
pattern is being redistributed and the peak values are
growing. The  pattern having the southwest—northeast
orientation in Fig. 1b is stretched by FD into a more
circular pattern through { growth on the southeast side
(including the center of the low) and reduction of { at
the northeast end. Propagation that may be occurring
is comparatively weak.

At 200 mb, the pattern strongly shows the divergence
above the warm front as well as convergence that is
centered behind the trough. (Recall discussion of term
DA.) Note that the divergent winds coming out of the
Tropics help reinforce the convergence behind the
trough. As at 500 mb, the dipole pattern is not centered
about the trough but is located such that the trough
center lies in a region of positive FD. Term FD is in-
creasing the peak { values at this level as well. The FD
dipole pattern is larger and more symmetric about the
trough than it was at 500 mb, so FD contributes
stronger propagation than at other levels shown. The
propagation is obviously toward the west. Clearly, the
main features of the FD pattern are very consistent with
the normal-mode model of cyclogenesis: growth at all
levels and maintenance of the tilt against the shear.

One would expect the FD term to be a sizable term
if one believes that baroclinic instability plays a sizable
role in extratropical cyclone dynamics. As stated ear-
lier, FD is a term kept in QG models. Here the peak
values are 2 X 107°~3 X 107° s 2. The peak values
of FD are about one-half the RA values, but at specific
(lower) levels FD exceeds RA. Peak FD values are
between two and three times the peak values in the
divergent wind advection term, DA in every case stud-
ied. The impact of the FD term is likely to be a bit
stronger than this comparison of the peak values im-
plies since FD typically has significant values over a
larger domain than DA.

The divergence term arising from relative vorticity,
ZD, is shown in Fig. 3b. In the QG system of equations
this ZD is ignored. It is obvious from the figure that
this term is comparable to FD for the well-developed
(but still growing) cyclones composited here. In com-
paring Figs. 3a and 3b, it is obvious that ZD has a very
similar pattern as FD, just smaller amplitude. The large
values of ZD at 900 mb are partly a testimony to the
large amplitude of the low, however, so the ratio be-
tween ZD and FD would be reduced if the low was
weaker. Neglecting meridional propagation, f would
not change over a period of cyclone development, but
the ratio of { relative to f would be smaller at earlier
stages. The {/f ratio could be much less at low levels,
but the change would not be as dramatic in the upper
troposphere due to the jet stream vorticity. The sign of
ZD is similar to FD because low-level convergence oc-
curs near the low where { > 0; at upper levels, the
divergence occurs where the tendency of { is negative,
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but still where { > 0 due to the shear vorticity of the
jet stream. Term ZD is comparable to FD in most in-
dividual cases studied here. More is said about the pos-
sible cancellation of this term with others in section 4.

We may compare the combination of FD + ZD in
Fig. 3 with results by Bosart and Lin (1984) for the
Presidents’ Day storm. At 300 mb, they have a dipole
structure similar to our results {not shown, but similar
to 200 mb) except that the pattern is shifted west rel-
ative to the trough axis, compared to how our dipole
straddles the trough. Their peak values are about five
times the peak values we find. At 900 mb, they have a
primary maximum in FD + ZD as do we, though in
their case it is centered north and slightly west of the
trough center (ours is east). Their peak values are
about twice ours. So while the patterns have much sim-
ilarity, the relative sizes are a bit different between our
composite and their case. Carlson (1991) has two es-
timates: 1.4 X 107° and 1.5 X 107°s~?, which are
roughly one-half of the magnitude of our peak esti-
mates.

e. Vertical motion terms

The vertical advection of relative vorticity is term
VA in (1), and Fig. 4a shows the composite distribu-
tion for the 15 cases studied. Larger values of VA occur
in the midtroposphere, partly reflecting relative ex-
trema in w there. At 500 mb, the central, negative val-
ues of VA occur where downward motion aligns with
a small region where { increases with P. The main
contribution comes from the positive areas of VA.
Ahead of the trough upward motion and increasing {
with P combine; behind the trough downward motion
with decreasing { combine to give VA > 0 maxima.
The net effect of this term is to increase vorticity ahead
of the trough with a slight decrease near the center and
further increase behind at 500 mb. So VA is expanding
the region of positive { at this level. At 200 mb there
is some indication of { propagation to the northeast
along with a net increase in {. So VA appears to am-
plify, expand, and move east the upper-level trough. In
the lower atrhosphere, there is some decrease of { at
and ahead of the trough due to the combination of rising
motion with vorticity that decreases with P.

To understand better the distribution of VA, Fig. 5
relates the zonal and vertical components of the diver-
gent circulation to the trough and ridge axes. The axis

of maximum relative vorticity (Figs. 1'and 5) lies east

of the trough axis in the middle and upper troposphere.
In addition, two relative maxima occur along this axis
(dotted line in Fig. 5): one at 400 mb and the other
(weaker) at 800 mb. The divergent circulation in the

zonal plane consists of strong rising motion that is cen-

tered between the trough and ridge axes at most levels.
The maximum downward motion lies well behind the
trough in geopotential height Z; a secondary maximum
downward motion lies closer west of the trough. The
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divergent wind u, also has a tendency for a double max-
imum in the composite data with relative maxima close
to and farther behind the trough. Most features seen in
Fig. 4a can easily be deduced from information in Fig.
5. For example, the negative VA at 900 mb results from
upward motion where the axis of { is more vertical than
above (while also approaching a relative maximum at
800 mb). _

Here VA has largest values in the composite data at
600 mb. In Fig. 4a, the peak value is —7 X 10710572,
Term VA has much variation between individual cases;
in nine of the cases the peak positive valm s greatly
exceed the negative values at 500 mb, while in most
remaining cases the magnitudes are similar. In a few
cases peak positive values of VA at 500 mb are as much
as one-third of peak values of RA; typically,. peak VA
values are one-sixth of peak RA values.

One might view the DA and VA terms as redistrib-
uting § in the following manner. At low levels, DA
mainly reduces { about the low and moves 1t slightly
ahead, much of VA is canceled by DA at th1> level. In
midlevels (around 500 mb), VA is strongel than DA
and is distributed so as to increase the areal extent of
the larger positive values of {. In the upper—tnl)posphere
DA is tending to spread apart the trough ‘rand ridge
(moving the ridge north and pushing the trough west).
Hence, the divergent advection terms DA and VA ap-
pear to oppose the tilting into the vertical of the trough
axis.

The tilting term (TT, Fig. 4b) is also largest in the
arger am-
plitude there. In the composite data TT has negative
values along two axes: one region lies north and west
of the surface warm front, while the other llies along
most of the cold front. Running along an eastI west line
drawn above the surface low center are posﬁgve values.
The vertical shear in the meridional and zpnal com-
ponents of wind are both negative (southerly and west-
erly flow increase with height) over most uf the area
where TT is large in Fig. 4b (at 500 mb) Term TT
has four extrema due to the comma—shap sd” distri-
bution of rising motion ahead and north of the trough,
along with two maxima in downward motibn located
to the west. The double maximum in w was mentioned

- in discussing Fig. 5. A schematic diagram cf the hori-

zontal distribution of vertical motion at SOO'mb is pre-
sented in Fig. 6. The figure was produced by tracing
key features from contour plots of composites fields.
Figure 6 includes a bold ““L’’ to mark the 900-mb low
center, a dashed contour to illustrate the 500-mb Zridge
and trough, and the four regions where extréme values
of TT occur. l

The negative values ahead of the warm front (area
W in Fig. 6) neatly match the minimum in { (Fig. 1b).
Rotating the horizontal vorticity of the verti¢al shear of
the zonal wind into the vertical component ({) reduces .
€ because the upward motion decreases (then becomes
downward ) as one proceeds northward. Along the cold
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FiG. 4. Same as Fig. 2 except for (a) VA and (b) TT terms.

front (region C in Fig. 6) V,, and Vw are both positive tated into the vertical to subtract positive vorticity from
making TT < 0. The horizontal vorticity of the zonal the vertical component {. East of the surface low the
wind shear and the meridional wind shear both are ro- upward motion increases with latitude so TT is posi-
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FIG. 5. Schematic zonal cross section transcribed from analyses of
Z (T for trough, R for ridge axes), w (shaded areas for w magnitude
greater than 0.25 Pa s™', and dot—dashed line for w = 0), and zonal
component of divergent wind, u, (solid contours for 2.5 m s™!,
dashed contour for u; = 0). The axis of minimum relative vorticity
lies atop the ridge (R) line. The maximum relative vorticity is shown
with a dotted line that lies at or east of the trough axis. Arrows are
centered at relative extrema with numeric labels of the local speed.
The cross section follows 41°N and is intended to assist interpretation
of Fig. 4a.
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tive. West of the surface low the upward motion in-
creases with latitude (note the secondary maximum in
Fig. 6 between A and C) and also has a small region
where downward motion increases with longitude east.
Above the surface low the two parts of TT nearly
cancel.

In the net, TT is tending to amplify the peak values
of the trough in the midtroposphere and possibly to
elongate the trough in the east—west direction. In the
meridional direction, TT is tending to reduce the length
scale of the trough. Peak values of TT reach 1.3
X 107° s 7% at 500 mb (higher at 600 mb). As with VA,
this term has much variation between cases. Most cases
have a negative area somewhere near where the warm
front would be expected (area W). An area behind the
trough, sometimes farther west than area A, is also
fairly common. Areas of alternating positive and neg-
ative value (like area B with a smaller area C) occur
less often and are located less consistently in the cases.
Peak values of TT are often similar to peak values for
ZD and greater than or comparable to peak values in
VA. Hence, while peak values of DA, ZD, VA, and TT
are all smaller than RA, they are often not an order of
magnitude smaller. Peak values of DA and ZD (near
the top and bottom) and VA and TT (in the middle
troposphere) are all comparable to peak values of FD
(near the top and bottom). All these terms are usually
greater than peak values of CR.

Bosart and Lin (1984 ) do not present contour plots
of the vertical motion terms. However, they do present
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volume averages in several layers at different times.
Not surprisingly, VA and TT are larger in the midtro-
pospheric layer. Interestingly, they are the largest terms
early in the cyclone development. Carlson’s estimate .
of VA is 5 X 107'%s72, which agrees well with the
values found here. Carlson’s estimates of TT are 7
X 107" and 10 X 107'°s72, which are one-half to
two-thirds of the peak values found here.

3. Some thoughts on scale analysis :
I
a. General considerations .
1
I

The purpose of scale analysis is to estimate the mag-
nitudes of terms in an equation so that one might iSolate
the most important terms. The results might be used to
develop a good approximation to the equation;or to
identify which physical processes are most impoytant.

A scale analysis is not simply substituting d[men—
sional scales for parts of terms. A well-known example
is the proper scaling of the vertical velocity. I.; arge-
scale vertical velocity W does not simply relate to hor-
izontal velocity V by means of the spatial aspect ratio

'(H/L; where H is vertical and L is horizontal li zngth

scale) due to the static stability of the large-scalejflow.

When scaling derivatives, one replaces the differ-
ential operator with the range of the quantity differen-
tiated divided by the distance over which that Jl?ange
occurs. For a sinusoidal variation, the spatial derivative
could be estimated as the amplitude of the wave divided
by the quarter wavelength. Since the actual peak values
of the derivative equal 27 times the amplitude divided
by the wavelength, the estimated scale approxirnates
well the derivative averaged in the vicinity of the' peak
values.
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F1G. 6. Schematic diagram of the distribution of vertical mations
at 500 mb relative to the trough at 900 mb (block ‘‘L’’ marks the
center) and the 500-mb trough and ridge (dashed contour of 5340 -m
Z plotted). Shaded areas are as in Fig. 5: vertical motion magnm, 1tude
exceeding 0.25 Pa s™!; dot—dashed line is the contour where w = 0.
Circles with a dot indicate upward motion; circles containing an ‘X"’
indicate downward motion; a double circle is drawn whete a re] atlve
maximum or minimum occurs in w.
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The discussion above helps explain why the results
presented here differ from some published works but
not others.

First, it is commonplace to choose the nearest power
of 10 for a scale (e.g., V = 10 ms™'). While this
rounding off may be reasonable for individual scales,
it is possible for the rounding off error to accumulate
when several scales are multiplied in order to estimate
one term. A trivial illustration is to consider two scales
A and B. Observations may indicate that A = B = 1/3.
If A and B are each scaled as order 0.1, then one might
conclude that the product AB is of order 0.01. This
estimate would be off by an order of magnitude.

Using powers of 10 to scale the tilting term (in pres-
sure coordinates) can be misleading. Assuming scales:
P=10°Pa,L=10°m,V=10ms !, and W= 10"
Pas~! gives an estimate of TT = 107! s~2, This es-
timate implies that TT is two orders of magnitude
smaller than the rotational advection terms. However,
the scaling is quite different if we use observed values.
Using peak values of omega gives an estimate of W
=0.5 Pas™'. The vertical velocities are somewhat
concentrated near the frontal zones (even for the large-
scale data here), hence the length scale for horizontal
derivatives of omega is less than the L that is apropos
for other fields (like geopotential or possibly horizontal
velocity components). A reasonable value for the tilt-
ing term is L = 2.5 X 10° m. The vertical shear of the
Asian subtropical jet is much larger than our ‘‘tradi-
tional’’ estimate. Hence, over the lowest 500 mb, the
wind may easily increase by 25 ms~'. Using these
scales, TT has magnitude 107 s72. This estimate is
100 times larger and suggests that the tilting term is
comparable with the quasigeostrophic terms. This re-
sult compares favorably with estimates by others (e.g.,
7 X 107'% 572 in Carlson 1991) and with results pre-
sented in section 2e. Holton’s textbook (1992 ) assumes
powers of 10 in such a combination that TT and VA
are both an order of magnitude smaller than FD. On
that basis he neglects these terms. Such a scaling is
suitable for a text and for large-scale flows in general,
but it is not necessarily suitable for the specific situation
of extratropical cyclones developing along a strong jet.

A second subtlety is to sample all portions of the
domain containing the phenomenon of interest. Terms
have varying importance in different regions. Terms
VA and TT are small near the bottom of the tropo-
sphere but both are much larger in midlevels. (The
variation reflects the amplitude profile of vertical ve-
locity.) Petterssen (1956, p. 323) states that ‘‘compu-
tations show that [ VA] contributes but little to the vor-
ticity production.”” He appears to be discussing vortic-
ity production at the surface. It is possible he was
simply referring to the amplitude of VA at low levels
(which would be consistent with results shown here).
Palmén and Newton (1969, p. 251) evaluate TT and
find it large in the midtroposphere in a cross section
through a front. Carlson (1991, p. 56) estimates VA in

GROTJAHN

2853

the midtroposphere to be roughly one-third of the size
of FD. Carlson (1991, p. 62) finds TT to be a bit larger
than VA and comments that TT ‘‘may be important
and even dominate at upper levels in the vicinity of
fronts or jet streaks . . ..”” Reed and Sanders (1953)
find that TT exerts ‘‘the controlling influence on vor-
ticity changes in the middle troposphere’’ in a study of
frontogenesis.

The interest here is upon terms having an impact
upon the synoptic-scale weather system. One might ar-
gue that TT is large for frontogenesis (say) but that it
is a mesoscale, not synoptic-scale, phenomenon. In
Holton’s textbook (1992, p. 108) he concedes that TT
and VA become important near fronts. While the
across-front length scale of large values of TT is
smaller than the length scale of ¢ (by one-third, say),
one must recognize that the large values of TT extend
for a much longer distance in the alongfront dimension.
This example illustrates a third subtlety of scale anal-
ysis: that magnitude and areal extent both play a role
in determining the scales used and significance of a
term.

A fourth subtlety is that terms that appear large may
have a large degree of cancellation. The classic ex-
ample is the two parts of the divergence of the hori-
zontal wind. Reed and Sanders (1953) state: ‘‘the [tilt-
ing] terms have received little attention in problems
relating to vorticity change. The results presented here
suggest that they may well be deserving of more con-
sideration. . . .”” Why then has it been so common to
neglect the tilting term? When a reason is given, an
author neglects terms TT, VA, and ZD because the
terms are believed to have no net impact upon the

large-scale development process. We now examine
this belief.

b. Do higher-order terms cancel?

Sutcliffe (1947, p. 374) recognizes that TT may be
large but makes an argument claiming that the ZD and
TT terms have a large amount of cancellation. We can
easily test this idea by comparing the distributions of
these two quantities in Figs. 3b and 4b. Based upon the
distribution of D, {, and w, the argument is unlikely to
hold at individual levels since ZD is largest at top and
bottom, while TT is largest in the midtroposphere and
small at top and bottom. Having said this, one can com-
pare the locations and magnitudes of the extrema in
both fields and thereby make a rough estimate. It seems
clear from the patterns at all three levels that the two
fields have about as much reinforcement as they do
cancellation. Based on this evidence, we are inclined
to doubt whether ZD and TT cancel. However, we have
looked further and summed the two terms for individ-
ual cases. In 6 of our 15 cases, much of the ZD con-
tribution is canceled by TT; in most-of these 6 cases,
we also find that TT is largely reduced by the sum-
mation. In most of the remaining cases, about as much
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reinforcement as cancellation occurs, as the composite
data shows. So it is at least possible that Sutcliffe’s
physical (and mathematical ) argument was reinforced
by the specific data available to him. It is also possible
that approximate techniques for estimating D may play
arole in concluding that TT is canceled by other terms;
this possibility is reexamined in section 3c.

Arnason and Carstensen (1959) calculate TT and
VA at 500 mb for the Northern Hemisphere and show
how the terms alter { over four forecast periods. They
find nearly exact cancellation between them when they
are summed. Bosart and Lin (1984) remark that such
a cancellation tended to occur in an earlier study of a
tropical cyclone, but such cancellation was not the case
for the Presidents’ Day cyclone they studied.

Dutton (1986, p. 343) presents a scale analysis that
implies that TT may be comparable to FD. Later how-
ever (p. 360) he states that TT *‘is often omitted, on
the grounds that tilting terms tend to cancel the vertical
advection of vorticity. This assumption is not always
true, however.”” And later (p. 362): ‘‘observational ev-
idence suggests that the [VA and TT] terms tend to
cancel each other, and that their sum is smaller than the
other terms of the vorticity equation.”’ These state-
ments provide another test of our data. As with Sut-
cliffe’s assertion, we find mixed evidence for cancel-
lation between these terms. At least in this instance, TT
and VA have similar amplitude variation with height.
However, inspection of Figs. 4a and 4b implies that
there is roughly as much reinforcement as there is can-
‘cellation between these two terms. We also examined
the sum of VA and TT for individual cases (as with
VA, the TT pattern for individual cases is often more
complex than Fig. 4b: more extrema having less
smooth shapes appear, typically). In 3 of the 15 cases
we find a lot of cancellation between VA and TT; two
of these three are cases where ZD and TT also have a
large degree of cancellation. Even in cases of signifi-
cant cancellation, we still see continued reinforcement
between VA and TT in the vicinity of the upper-level
trough.

Other reports allow comparison of the VA and TT
terms. Krishnamurti (1968) compares terms in the
““w’’ equation, including terms that arise from VA and
TT In considering the development of a cyclone over
North America, he states that the contributions by these
two terms to the vertical motion ‘‘have a tendency to
cancel each other.”” Since VA and TT have similar ver-
tical structure (and the same linear operator applies to
VA and TT in the w equation), it is reasonable to con-
clude that VA and TT would largely cancel in his case.
In contrast, Whitaker et al. (1988) find much reinforce-
ment between VA and TT in the Presidents’ Day cy-
clone. They present cross sections of six terms in the
NLVE; each cross section is oriented along an axis of
maximum 850-mb ¢, which roughly follows the cold
front. In their cross sections, VA and TT are large and
have a very high degree of reinforcement. These studies
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illustrate how difficult it is to generalize from a single
case.

One may wonder about the sum of all three terms:
ZD + VA + TT. In one additional case the amount of
reinforcement and cancellation is such that the com-
bination of all three terms creates a lot of cancellation.
So, in 7 of 15 cases, there is more cancellation than
reinforcement between TT and some other term(s).
One can verify this by overlaying Figs. 3b, 4a, and 4b
while keeping in mind the sensitivity of ZD to storm
amplitude mentioned earlier. Since terms like TT are
comparable to FD, we conclude that the degree of can-
cellation is probably not sufficient to justify neglecting
the higher-order terms (ZD, VA, and TT) whj ile retain-

ing FD. In other words, the sum of ZD, VA and TT

may have comparable effect as term FD. "
¢. An indirect effect |

The QG approx1mat10n is more than mmply neglect-
ing certain terms in the NLVE. The value of divergence
D differs, making the term FD different in the QG and
BE (say) systems of equations. This differerfce is now
briefly described.

When assessing the proposed cancellatlon between

‘terms like ZD and TT, one is keenly aware that D and

w are not directly measured. We, as well a'[ previous
authors, must estimate divergent c1rcu]atlon‘ by some
means. We have used values calculated by 1he CCM2
postprocessor that are derived from a primitive equa-
tions (PE) model. We make the assumption ithat the D
and w obtained in this way are sufficiently accurate to
represent the large-scale flow. Not all scal¢ analyses

have had the luxury of archived data from a IPE model.

Rather than attempting to examine if our e<,t1mates of
dlvergence differ from others, we focus on how ex-
press1ons in some simple QG theoretical models give

. varying estimates for divergence.

In designing simple QG models, it is commonplave
to express the FD term using the streamfunction (or
geopotential) so as to obtain a potential vort’lcuy equa-
tion having just one prognostic variable. Depending on
the approximation used, D may be proportional to the
two-dimensional total derivative of the seco»lnd vertical
derivative of streamfunction [¢; e.g., the form used by
Eady (1949)]. Relaxing some of the approx1mat10ns
one can express D as the two-dimensional {otal deriv-
ative of a function of geopotential ¢ and prejssure (e.g.,
the form used in Grotjahn and Wang 1990) In order
to retrieve one equation with one unknown, we may
use one of several balance relations bctwee‘n ¢ and ¢.

For a QG formulation, one would use allinear bal-
ance relation and could include variation in! f Here we
improve the approx1mat10n by using observed geopo-
tential; one may view this as including a hllgher-order
balance relation than used by the ¢ form. 'Solving for
D requlres evaluating a time derivative. W used suc-
cessive time samples, but unfortunately the interval of
12 h is very large. I
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It is not surprising that the ¢ form does worst at all
levels. The ¢ form does a better job of picking up the
maxima at upper levels than at the lowest level. The
PE form has convergence at the center of the 900-mb
trough; the ¢ form has convergence centered just north-
east of this trough. The ¢ form has divergence at the
trough center. At the lowest level one would expect
some portion of the divergence to respond to boundary
layer friction. We have not included any diabatic pro-
cess. Friction might be included by incorporating, say,
Ekman pumping. The ¢ form is most similar to the QG
formulation used by Simmons and Hoskins (1976) in
their comparison of linear QG and PE simulations of
idealized cyclones. Simmons and Hoskins remark that
“‘the quasi-geostrophic divergence is remarkably close
to the primitive equation value over the whole range
of *’ cases they study.

We compared how all three of these calculations of
D altered the possible cancellation between ZD and TT
for the one case studied here. The results did not display
any consistent pattern. A combination that had more
cancellation than others at one level would have less
than the others at another level.

4. Summary and discussion

We have shown composites of the gridpoint values
of eight terms in the vorticity equation for 15 cases.
The cases were selected for actively growing, large-
amplitude (i.e., mature) extratropical cyclones that had
similar upstream tilt (uniform with height) and similar
geographic location. We made comparisons with ob-
servational studies in the discussions of each term and
found results that were generally similar. Below are
specific results for this study.

The rotational wind advection is the largest term and
it primarily moves the trough eastward and slightly
northward. The motion is greater at upper levels in re-
sponse to the vertical shear of the mean wind. The di-
vergence terms FD and ZD oppose the differential
propagation by the RA term. Terms FD and ZD en-
courage moving the lower trough ahead while holding
back the upper part of the trough. The opposition be-
tween FD and RA is consistent with classic theoretical
models. The planetary vorticity terms (CR and CD) are
small, with the divergent advection of f (term CD)
being the smallest of the terms by far. Peak values of
remaining terms VA and TT are comparable to peak
values of FD, though VA and TT have larger values
over a smaller domain than FD.

The higher-order terms alter the development and
propagation of the cyclone in somewhat different ways
for different cases. Collectively, these terms alter the
shape as well as the amplitude and motion of the
trough. The distribution of pressure velocity w largely
follows a classic pattern, and from that pattern one may
deduce the qualitative distribution of TT accurately.
The distribution of VA is less easily deduced from the
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classic model in part because the upper-level ridge does
not overlie the surface low. Terms VA and TT appear
to increase the trough amplitude in midlevels, but one
may be expanding the area of large vorticity while the
other may be shrinking it.

The total effect of the terms on the right-hand side
of (1) may be summed. This sum provides our estimate
of LC and is presented in Fig. 7b. Alternatively, one
could estimate LC independently by means of a finite
difference in time of the vorticity field; that estimate
(not shown) is not useful due to the large time interval
between data. During the 24 h of a centered-in-time
difference, the vorticity center associated with the
trough in most cases moves quite a distance (another
property of examining the region of a strong jet). Be-
cause of this movement, the peak values in LC at a
given point along the storm track are much larger than
the 24-h time average value of LC at that point. (When
we examined a few cases in detail, not shown, we found
differences in the peak values of LC of a factor of 3.)
The problem with a large finite difference in time can
be visualized in this way: the maximum and minimum
LC found this way are centered where the vorticity
maximum is at the later and earlier times, respectively.
These locations do not correspond to locations of the
strongest gradients in { at the intermediate time.

Figure 7 shows two estimates of LC. The left column
estimates LC using the terms kept in the QG system.
While these terms are kept by the QG system, their
evaluation may differ from a QG model. For example,
we used full divergence, not the QG divergence (recall
section 3c¢). However, as noted above, Simmons and
Hoskins (1976) find remarkable agreement between
PE and QG divergence in their simulations. The right
column uses all the NLVE terms. The pattern of LC for
the QG terms is similar to the full NLVE pattern. The
most obvious difference is that the full system has
much larger amplitude at the lowest levels (e.g., 900
mb). This difference is mainly due to the relative vor-
ticity times divergence term, ZD. The similarity fol-
lows because the LC patterns at 200 and 500 mb are
largely due to the rotational wind advection term RA,
and the pattern at 9500 mb largely reflects the term FD
(Coriolis times divergence). While RA dominates the
solution above low levels, the differences between RA
and LC are important for understanding shape and
growth changes. One obtains a crude estimate of
growth changes by comparing the peak values of dipole
couplets. The difference between the extrema in the
couplet about the positive { maximum is about 5.4 in
the QG solution and 7.3 in the full solution at 500 mb.
At 200 mb the difference is also greater for the full
solution. At 900 mb the full solution is much larger.
The QG system appears to underestimate the growth at
all levels, especially low levels. The difference between
the extrema in the couplet northeast of the low at high
levels (e.g., 200 mb) appears to favor more ridging in
the full solution. These changes to growth may be the
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most easily seen effect of including the non-QG terms,
but there are also changes to the structure. For example,
the separation between the extrema in the couplet about
the upper { maximum (e.g., at 500- and 200-mb levels)
is slightly larger and oriented with a slightly greater
poleward component. This pattern could imply a faster
motion of the trough, including a more poleward di-
rection, or may indicate a broadening of the trough.

The results in Fig. 7 may be compared with some
prior work using actual models. Lystad (1977) com-
pares the forecasts made by QG and nonlinear BE mod-
els. Lystad reports that the BE model ‘‘may develop
deeper cyclones’’ in rough agreement with the discus-
sion in the preceding paragraph. Lystad also reports
that BE model simulations are not as smooth as for the
QG model and comments that the non-QG terms  ‘have
a smaller scale than the other terms.”” In another mod-
eling study, Daley (1982) verified forecasts made by
the QG, linear BE, and nonlinear BE systems against
a primitive equations (PE) solution. Daley does not
discuss individual cyclones but he does plot zonal and
vertical average errors decomposed by length scale.
Daley finds the cyclone-scale and shorter waves to be
much better treated in the BE model than the QG. Nei-
ther model did well with the longest waves. Daley re-
ports that his results are consistent with the extensive
discussion of intermediate models in Gent and Mc-
Williams (1982). Simmons and Hoskins (1976) ex-
amine various properties of idealized cyclones devel-
oping in QG and PE versions of their (linear) normal-
mode model. Simmons and Hoskins compare QG and
PE solutions developing along jets; the PE solutions
generally have slower phase speed and again have
faster growth rate.

Another type of intermediate model is the semigeos-
trophic (SG) system (e.g., Hoskins and West 1979).
Snyder et al. (1991) compare SG and PE simulations
of baroclinic development on a jet having uniform po-
tential vorticity. Even though the SG solutions (by
means of the coordinate transform) create asymmetry
between the low and high, the PE solutions have even
deeper lows and weaker highs. Unlike their QG or SG
results, the PE solutions have northwest—southeast hor-
izontal tilts, allow the trough axis to become more ver-
tical, and have better frontal development. Snyder et
al. attribute much of the difference to the lack of ageo-
strophic vorticity in the SG model.

We have considered why terms VA, ZD, and TT
have traditionally been neglected in scale analysis. Sev-
eral influential writings have argued that various com-
binations of these three terms are negligible. In con-
trast, some other past reports indicate that these terms
might be individually or even collectively significant.
We briefly discuss some scale analysis pitfalls as well
as directly calculate various sums of these three terms.
We find some cancellation among combinations of VA,
ZD, and TT, but we also find a similar amount of re-
inforcement. Hence, summing these terms is not suf-
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ficient to make their contribution an order of magnitude
less than FD.

It is beyond the scope of this article to judge the
impact of the higher-order terms in theoretical models
because a term’s amplitude, areal extent, and interac-
tion with other terms must be considered. However, it
may be useful to propose a rough, qualitative grouping
of the terms. Our grouping would be as follows. The
first and largest group includes RA (mainly propaga-
tion) and FD. The second group includes TT, ZD, and
DA. While we report sizes in the second group that are
comparable to the first group, we have ranked these
terms lower because they depend more strongly on the
amplitude of the cyclone and because their areal extent
is smaller. The third group includes CR and VA. Each
term in a group is approximately one-half to one-third
the size of a term in the preceding group. Term CD
would be an order of magnitude smaller than the third
group.

If one were designing a model, one would prefer to
use these terms in combinations. For example, one
would not include TT without including VA. A similar
recommendation can be made for DA, ZD, and FD (if
the Coriolis parameter is allowed to vary). As pointed
out by Arnason and Carstensen (1959), only including
part of one of these combinations may create spurious
sources or sinks of vorticity. A system that includes all
the NLVE terms discussed here is the balance equa-
tions.

The divergence term is incorporated into QG models
by means of the adiabatic equation. The nature of that
expression for D varies with the model. Hence, a more
advanced model has both direct changes (additional
terms in the NLVE) as well as indirect changes (a bet-
ter estimate of D). Two approximations to D were
tested. The ¢ form, requiring fewer approximations,
does a much better job of matching extrema found in
the PE data.
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