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ATM 150 - Fall 2003
Name:________________

Problem 7
A. (15 pts) “Arakawa” jacobian

This assignment demonstrates the basic procedure for integrating in time using the Arakawa Jacobian.  To make the assignment as easy as possible, you will make two approximations: (a) linearization about a "basic state" and (b) "simplifying" the meridional boundaries.  

The main program for this problem should look very similar to the main program used to solve the advection equation. (e.g. forward difference for first time step, leap frog thereafter; flipping indices; etc.) The main difference is that you are now doing the advection as a Jacobian.  

Because the storage and computational requirements are much larger, you are strongly urged to do all your debugging using small (e.g. NX=21=NY) values.  Using parameter statement definitions for the NX and NY (the number of grid points in the x and y directions) and passing NX and NY to all subroutines as needed will make the changes to NX and NY easiest.

Write a computer program to solve the linearized barotropic vorticity equation:


(Z/(t + J(S,Z) = 0
(1)

where J denotes a Jacobian operator, Z(x,y,t) is the perturbation vorticity and S(x,y) is a prescribed basic state stream function that is not a function of time.  For this problem, Z and S are not related. Let


Z(x,y,0) = 10. exp( -5x2 -5y2 )
(2)


S(x,y) = -2y + 0.2 sin((x) sin((y)
(3)

The ranges are: -1 ( x ( 1; -1 ( y ( 1; 0 ( t ( 1. Assume periodic boundary conditions in x and Dirichlet conditions in y: Z(x,Y,t) = 0.0 for all time along the two meridional boundary walls (where y= Y= (1). The Dirichlet boundary conditions at y=Y mean that (1) is not evaluated at y= Y= (1. The velocity field given by S has zonal average that is independent of y, so one should expect the true solution to exactly traverse the domain once.  Upon returning to the original (x,y) position, it should return to the original shape.  In between times, the shape will be distorted by the trig functions in the prescribed (S) flow. The higher the resolution, the better the shape will be restored at the end, nonetheless, there will be some distortion even at the high resolution requested here: NX = 51 = NY.  For these high numbers of grid points, the time interval must be small; I had success using (t = 0.0125, corresponding to 80 time steps. At this resolution, the program should take <3 minutes to run on moe.

When writing your program: 

i. perform the jacobian calculation using the Arakawa scheme and do so in a subroutine.  As pointed out above, the special conditions of this problem mean J is not evaluated along y=Y.  Also, you need to incorporate the periodic boundary conditions in x. The general form of the Arakawa Jacobian is eqn (32) in the handout. In turn, that formula is the average of three other formulas, which are given as eqns: (20), (21), and (22).

ii. Make contour plots of the vorticity at the start and at intervals of 0.2 units of time.  Plot the stream function contours at the start.  Make these 2-D plots from a separate subroutine.

B. Leap frog (using second order centered in space differences)

i. If B = -i G +/- { 1 – G2 }1/2 then the magnitude  |B| = 1 if |G| <= 1.
ii. (7 pts) Using part i. as a guide, derive the stability condition for a 2 dimensional advection equation where the same grid interval (d = dx = dy) is used in both directions. 



Ft +Ufx +Vfy = 0.

Use Fnm,j = Bn exp( i {k m dx + L j dy } ). 

Velocity components are distinct and have magnitude A, such that U = A cos(e) and V = A sin(e). Hint: a worst case occurs when e = 45o and k dx = L dy = pi/2. 

iii. (1 pt) Compared to the 1-d advection equation result using the same grid interval d, how has the time step changed to maintain stability?

iv. (3 pts – optional, extra credit) For extra credit, prove the statement in part i.

Due 19 November at the start of class.

